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This note presents a summary of the spectral risk sharing theorem from Jouini et al. (2008).
The theorem describes how two agents with spectral risk cost functions optimally share risk. It
provides a wonderful, intuitive, and constructive solution to the problem, involving a horizontal
layering of the total loss, with each horizontal layer assumed by the agent with lowest cost of risk
at the tail probability level. The proof can be extended to any finite number of agents. First,
we provide an elementary proof. Then, we give a detailed sketch of the original proof. The
original proof uses convex duality and is much more conceptual than our elementary one, but
correspondingly more sophisticated and involved: it yields more for more effort. We follow the
original argument closely but translate the notation to use cost functions rather than utilities
and the actuarial loss sign convention rather than the asset payoff convention.

1 The Problem

Consider an economy with two agents 𝑖 = 0, 1. Each agent evaluates losses using a spectral
distortion risk measure. Specifically, for a risk 𝑋 ≥ 0 is a bounded loss, they evaluate the cost
of holding 𝑋 using

𝑔𝑖(𝑋) = ∫
∞

0
𝑔𝑖(𝑆𝑋(𝑥)) 𝑑𝑥.

We use the same notation for the distortion and its associated functional and 𝑆𝑋(𝑥) = 𝑃(𝑋 > 𝑥),
and we use the actuarial sign convention that larger 𝑋 is worse.

Let 𝑋 denote the total loss in the economy. The problem is to minimize the shared cost of
bearing 𝑋 between the two agents:

minimize 𝜌0(𝑋0) + 𝜌1(𝑋1) over 𝑋0 + 𝑋1 = 𝑋,

among non-negative 𝑋𝑖. That is, we want the most economical way for the economy to share
the risk 𝑋 between the two actors. In this section we give an elementary proof of a constructive
solution to the optimization problem. In general, the solution is not unique.

Proposition 1.1. With the above notation, let

𝐴 = { 𝑥 ≥ 0 ∶ 𝑔0(𝑆𝑋(𝑥)) ≤ 𝑔1(𝑆𝑋(𝑥)) } ,
𝐵 = { 𝑥 ≥ 0 ∶ 𝑔0(𝑆𝑋(𝑥)) > 𝑔1(𝑆𝑋(𝑥)) } ,

and define

𝑋0 = ∫
𝑋

0
𝐴(𝑠) 𝑑𝑠, 𝑋1 = ∫

𝑋

0
𝐵(𝑠) 𝑑𝑠.

Then (𝑋0, 𝑋1) is a comonotone Pareto optimal allocation of 𝑋, and

𝑔0(𝑋0) + 𝑔1(𝑋1) = (𝑔0 ∧ 𝑔1)(𝑋).
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Proposition 1.1 is a weaker version of Proposition 3.1 from Jouini et al. (2008). The original
version characterizes all comonotone allocations, but our proposition includes the most important
parts—existence and flatness—of the original. The ambiguity in our solution lives in { 𝑔0 = 𝑔1 }
where risk can be shared arbitrarily.

2 Elementary Proof

Setting

Let 𝑋 ∈ 𝐿∞
+ be the aggregate loss. For 𝑖 = 0, 1, let 𝑔𝑖 be a nondecreasing concave distortion on

[0, 1], and use the same symbol for the induced Choquet functional

𝑔𝑖(𝑌 ) = ∫
∞

0
𝑔𝑖(𝑆𝑌 (𝑥)) 𝑑𝑥, 𝑆𝑌 (𝑥) = P(𝑌 > 𝑥).

An allocation of 𝑋 is a pair (𝑋0, 𝑋1) with

𝑋0 + 𝑋1 = 𝑋.
We seek an allocation that is both comonotone and Pareto optimal. The candidate common
pricing distortion is the pointwise minima

ℎ ∶= 𝑔0 ∧ 𝑔1 = min { 𝑔0, 𝑔1 } .

Step 1: A Universal Lower Bound

The function ℎ is again a nondecreasing concave distortion. Hence its Choquet functional is
subadditive. Therefore, for every allocation (𝑌0, 𝑌1) of 𝑋,

ℎ(𝑋) = ℎ(𝑌0 + 𝑌1) ≤ ℎ(𝑌0) + ℎ(𝑌1).
Since ℎ ≤ 𝑔0 and ℎ ≤ 𝑔1 pointwise, monotonicity with respect to the distortion gives

ℎ(𝑌0) ≤ 𝑔0(𝑌0), ℎ(𝑌1) ≤ 𝑔1(𝑌1).
Combining the two inequalities,

ℎ(𝑋) ≤ 𝑔0(𝑌0) + 𝑔1(𝑌1)
for every allocation (𝑌0, 𝑌1) of 𝑋. Therefore ℎ(𝑋) is a universal lower bound for the total
evaluation.

Step 2: Construct the Allocation by Assigning Layers

Define the layer sets as in Proposition 1.1. Clearly 𝐴 and 𝐵 partition [0, ∞). Now define

𝑋0 = ∫
𝑋

0
𝐴(𝑠) 𝑑𝑠, 𝑋1 = ∫

𝑋

0
𝐵(𝑠) 𝑑𝑠.

Since 𝐴(𝑠) + 𝐵(𝑠) = 1 for all 𝑠,

𝑋0 + 𝑋1 = ∫
𝑋

0
1 𝑑𝑠 = 𝑋.

Also, both 𝑋0 and 𝑋1 are increasing 1-Lipschitz functions of 𝑋, and so (𝑋0, 𝑋1) is comonotone.

The economic meaning is transparent: at each loss level 𝑠, we give that marginal layer to the
agent whose distortion is cheaper at the corresponding survival probability 𝑆𝑋(𝑠).
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Step 3: The Key Layer Lemma

The key technical point is to compute the evaluation of a loss built by selecting layers of 𝑋.

Lemma 2.1. Let 𝑎 ∶ [0, ∞) → [0, 1] be measurable, and define a random variable

𝑌𝑎 = ∫
𝑋

0
𝑎(𝑠) 𝑑𝑠.

Then for every concave distortion 𝑔, the functional

𝑔(𝑌𝑎) = ∫
∞

0
𝑎(𝑠) 𝑔(𝑆𝑋(𝑠)) 𝑑𝑠.

Proof. We build up to general 𝑎 from simple functions. First take 𝑎 = 1(𝑢,𝑣]. Then

𝑌𝑎 = ∫
𝑋

0
1(𝑢,𝑣](𝑠) 𝑑𝑠 = (𝑋 − 𝑢)+ − (𝑋 − 𝑣)+.

Equivalently,
(𝑋 − 𝑢)+ = 𝑌𝑎 + (𝑋 − 𝑣)+.

All three terms are increasing functions of 𝑋, hence comonotone. By comonotone additivity of
the Choquet functional,

𝑔((𝑋 − 𝑢)+) = 𝑔(𝑌𝑎) + 𝑔((𝑋 − 𝑣)+).
Therefore

𝑔(𝑌𝑎) = 𝑔((𝑋 − 𝑢)+) − 𝑔((𝑋 − 𝑣)+).
Now

𝑔((𝑋 − 𝑢)+) = ∫
∞

0
𝑔(P((𝑋 − 𝑢)+ > 𝑦)) 𝑑𝑦

= ∫
∞

0
𝑔(P(𝑋 > 𝑢 + 𝑦)) 𝑑𝑦

= ∫
∞

𝑢
𝑔(𝑆𝑋(𝑠)) 𝑑𝑠.

Similarly for (𝑋 − 𝑣)+, so subtracting,

𝑔(𝑌𝑎) = ∫
𝑣

𝑢
𝑔(𝑆𝑋(𝑠)) 𝑑𝑠 = ∫

∞

0
1(𝑢,𝑣](𝑠) 𝑔(𝑆𝑋(𝑠)) 𝑑𝑠.

The next step is a simple selector. If

𝑎 =
𝑛

∑
𝑚=1

𝑐𝑚1(𝑢𝑚,𝑣𝑚], 0 ≤ 𝑐𝑚 ≤ 1,

then

𝑌𝑎 =
𝑛

∑
𝑚=1

𝑐𝑚 ∫
𝑋

0
1(𝑢𝑚,𝑣𝑚](𝑠) 𝑑𝑠.

Each summand is an increasing function of 𝑋, so the summands are comonotone. Using positive
homogeneity and comonotone additivity,

𝑔(𝑌𝑎) =
𝑛

∑
𝑚=1

𝑐𝑚 𝑔(∫
𝑋

0
1(𝑢𝑚,𝑣𝑚](𝑠) 𝑑𝑠)

=
𝑛

∑
𝑚=1

𝑐𝑚 ∫
𝑣𝑚

𝑢𝑚

𝑔(𝑆𝑋(𝑠)) 𝑑𝑠

= ∫
∞

0
𝑎(𝑠) 𝑔(𝑆𝑋(𝑠)) 𝑑𝑠.
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Finally, for general measurable selectors, choose simple functions 𝑎𝑛 ↑ 𝑎. Then

𝑌𝑎𝑛
↑ 𝑌𝑎.

By monotone convergence in the survival representation,

𝑔(𝑌𝑎𝑛
) ↑ 𝑔(𝑌𝑎),

and also
∫

∞

0
𝑎𝑛(𝑠) 𝑔(𝑆𝑋(𝑠)) 𝑑𝑠 ↑ ∫

∞

0
𝑎(𝑠) 𝑔(𝑆𝑋(𝑠)) 𝑑𝑠.

Passing to the limit proves the lemma.

Step 4: The Common Contact Distortion

Now apply Lemma 2.1 with the selector 𝐴. First, using 𝑔 = 𝑔0,

𝑔0(𝑋0) = ∫
∞

0
𝐴(𝑠) 𝑔0(𝑆𝑋(𝑠)) 𝑑𝑠 = ∫

𝐴
𝑔0(𝑆𝑋(𝑠)) 𝑑𝑠.

Next, using 𝑔 = ℎ,

ℎ(𝑋0) = ∫
∞

0
𝐴(𝑠) ℎ(𝑆𝑋(𝑠)) 𝑑𝑠.

But on 𝐴 we have by definition

ℎ(𝑆𝑋(𝑠)) = min { 𝑔0(𝑆𝑋(𝑠)), 𝑔1(𝑆𝑋(𝑠)) } = 𝑔0(𝑆𝑋(𝑠)).

Hence
ℎ(𝑋0) = 𝑔0(𝑋0).

Exactly the same argument on 𝐵 gives

𝑔1(𝑋1) = ∫
𝐵

𝑔1(𝑆𝑋(𝑠)) 𝑑𝑠, ℎ(𝑋1) = 𝑔1(𝑋1),

because on 𝐵 we have
ℎ(𝑆𝑋(𝑠)) = 𝑔1(𝑆𝑋(𝑠)).

So the distortion ℎ = 𝑔0 ∧ 𝑔1 prices each allocated piece exactly as the corresponding agent
does:

ℎ(𝑋0) = 𝑔0(𝑋0), ℎ(𝑋1) = 𝑔1(𝑋1).

That is the key contact property. The minimum distortion is not just the right lower bound for
the total problem; it also acts as a common pricing rule for the two pieces we construct.

Step 5: The Lower Bound Is Attained

Since 𝑋0 and 𝑋1 are comonotone, comonotone additivity of ℎ gives

ℎ(𝑋) = ℎ(𝑋0 + 𝑋1) = ℎ(𝑋0) + ℎ(𝑋1).

Using the contact identities from Step 4,

ℎ(𝑋) = 𝑔0(𝑋0) + 𝑔1(𝑋1).

4



Now compare with the universal lower bound from Step 1. For every allocation (𝑌0, 𝑌1) of 𝑋 we
have

ℎ(𝑋) ≤ 𝑔0(𝑌0) + 𝑔1(𝑌1).
Hence

ℎ(𝑋) ≤ inf
𝑌0+𝑌1=𝑋

(𝑔0(𝑌0) + 𝑔1(𝑌1)).

On the other hand, since (𝑋0, 𝑋1) is itself an allocation of 𝑋,

inf
𝑌0+𝑌1=𝑋

(𝑔0(𝑌0) + 𝑔1(𝑌1)) ≤ 𝑔0(𝑋0) + 𝑔1(𝑋1) = ℎ(𝑋).

Therefore both inequalities are equalities and, in particular,

𝑔0(𝑋0) + 𝑔1(𝑋1) = ℎ(𝑋) = inf
𝑌0+𝑌1=𝑋

(𝑔0(𝑌0) + 𝑔1(𝑌1)).

Step 6: Pareto Optimality

A Pareto improvement would lower at least one of 𝑔0 or 𝑔1 without raising the other, and
therefore would strictly lower the sum

𝑔0(𝑌0) + 𝑔1(𝑌1).

But our constructed allocation already minimizes that sum over all allocations. Therefore no
Pareto improvement exists. Therefore, (𝑋0, 𝑋1) is Pareto optimal and we have proved Proposi-
tion 1.1.

A Remark on Ambiguity

The only ambiguity lies on the tie set

𝑇 = { 𝑥 ≥ 0 ∶ 𝑔0(𝑆𝑋(𝑥)) = 𝑔1(𝑆𝑋(𝑥)) } .

Any non-negative measurable split of 𝑇 between the two agents gives the same total value. So
the construction is not unique there, but every such choice is optimal.

A Trivial Representation With Non-Trivial Implications

The representation

𝑔(𝑋) = sup { ℎ(𝑋) ∶ ℎ(𝑠) ≤ 𝑔(𝑠) ∀𝑠 ∈ [0, 1], ℎ a distortion }

is trivial as a value identity, since we can always take ℎ = 𝑔. Its real use is not the equality itself
but that it tells us what it means for a smaller distortion ℎ < 𝑔 to price a given loss 𝑋: ℎ has
to agree with 𝑔 only on the layers of 𝑋 that actually matter.

For a fixed loss 𝑋,

𝑔(𝑋) = ∫
∞

0
𝑔(𝑆𝑋(𝑥)) 𝑑𝑥.

So if ℎ ≤ 𝑔 yet
ℎ(𝑆𝑋(𝑥)) = 𝑔(𝑆𝑋(𝑥)) for a.e. 𝑥,

then automatically
ℎ(𝑋) = 𝑔(𝑋).

Thus contact is only needed along the image of the survival profile 𝑥 ↦ 𝑆𝑋(𝑥), and only up to
Lebesgue-null sets in 𝑥.
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That is exactly where the jump issue disappears. If 𝑞𝑋 has a flat spot, then 𝑆𝑋 has a jump,
and the corresponding problematic survival level is just a single value of 𝑆𝑋(𝑥). Changing a
distortion at that single value does not affect 𝑔(𝑋) because the set of 𝑥 where 𝑆𝑋(𝑥) equals that
exact value has Lebesgue measure zero. The Choquet integral does not see isolated values of the
distortion.

The non-trivial implication is that if ℎ ≤ 𝑔 prices 𝑋 then

{ 𝑠 ∶ ℎ(𝑠) < 𝑔(𝑠) } ⊂ { 𝑑𝑞𝑋 = 0 } .

The right-hand set is values of 𝑝 where 𝑞𝑋 is flat.

In our construction, the distortion ℎ = 𝑔0 ∧ 𝑔1 prices 𝑋, 𝑋0 and 𝑋1, 𝑋 = 𝑋0 + 𝑋1 and all
three variables are comonotone. Thus on { 𝑔0 < 𝑔1 } we have ℎ = 𝑔1 < 𝑔0. Since ℎ prices 𝑋0
it follows 𝑞𝑋0

is flat. If 𝑞𝑋 is also flat then 𝑞𝑋1
must be flat too since 𝑞𝑋 = 𝑞𝑋0

+ 𝑞𝑋1
. If 𝑞𝑋

is not flat then 𝑋1 must increase with 𝑋. Likewise, if ℎ = 𝑔0 < 𝑔1 then 𝑞𝑋1
is flat. The set

{ 𝑔0 = 𝑔1 } is ambiguous. These relationships are sumaries in Table 1. The last row uses the fact
that 𝑞𝑋 = 𝑞𝑋0

+ 𝑞𝑋1
by comonotonicity.

Table 1: Characteristics of optimal allocations, ℎ = 𝑔0 ∧ 𝑔1.
Component ℎ = 𝑔0 < 𝑔1 ℎ = 𝑔1 < 𝑔0

Since ℎ prices 𝑋0 𝑞𝑋0
flat

Since ℎ prices 𝑋1 𝑞𝑋1
flat

On { 𝑑𝑞𝑋 > 0 } 𝑋0 increases like 𝑋 𝑋1 increases like 𝑋
On { 𝑑𝑞𝑋 = 0 } 𝑋, 𝑋1 flat ⇒ 𝑞𝑋0

flat 𝑋, 𝑋0 flat ⇒ 𝑞𝑋1
flat

3 The Original Conceptual Proof

In this section we describe the original, conceptual proof from Jouini et al. (2008).

We work on an atomless standard probability space (Ω, ℱ, P). All losses lie in 𝐿∞ and so are
bounded. For a loss 𝑋, write 𝐹𝑋 for its distribution function and

𝑞𝑋(𝑢) ∶= inf { 𝑥 ∶ 𝐹𝑋(𝑥) ≥ 𝑢 } , 0 ≤ 𝑢 ≤ 1,

for its quantile function. When 𝜇 ∈ (𝐿∞)∗ is a bounded finitely additive functional, the pairing
with 𝑋 is ⟨𝜇, 𝑋⟩; if 𝜇 is countably additive with density 𝑍 ∈ 𝐿1, then ⟨𝜇, 𝑋⟩ = P(𝑍𝑋). The
paper keeps the full dual (𝐿∞)∗ in play because, in the comonotonic additive spectral case,
subgradients need not live in 𝐿1 when there is a jump at 0 in the distortion function.

Let 𝑋 ∈ 𝐿∞, and let 𝑔0, 𝑔1 be comonotone law-invariant coherent risk measures. We write the
same symbol 𝑔𝑖 for the associated concave distortion on [0, 1] given by

𝑔𝑖(𝑌 ) = ∫
1

0
𝑞𝑌 (𝑠) 𝑑 ̌𝑔(𝑠),

where ̌𝑔(𝑠) = 1 − 𝑔(1 − 𝑠) is the dual of 𝑔. When 𝑔𝑖 is absolutely continuous, the risk measure is
written as

𝑔𝑖(𝑌 ) = ∫
1

0
𝑞𝑌 (𝑠)𝑔′

𝑖(1 − 𝑠) 𝑑𝑠,

so the supporting density 𝑍 matches by

𝑞𝑍(1 − 𝑠) = ̌𝑔𝑖(𝑠) = 𝑔′
𝑖(1 − 𝑠).
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In the general case, the same formula is understood in the Stieltjes-Choquet sense, with a possible
atom at 0 corresponding to a singular part. Define

(𝑔0□𝑔1)(𝑋) ∶= inf { 𝑔0(𝑌0) + 𝑔1(𝑌1) ∶ 𝑌0 + 𝑌1 = 𝑋 } ,
and the set of comonotone allocations

𝔸↑(𝑋) ∶= { (𝑌0, 𝑌1) ∶ 𝑌0 + 𝑌1 = 𝑋, 𝑌0 ↑ 𝑋, 𝑌1 ↑ 𝑋 } .

Theorem 3.1 is the loss-side translation of Jouini et al. (2008) Theorem 3.2 for parts (1) and (2),
Theorem 3.1 together with Lemma 6.2 for part (3), and Proposition 3.1 for part (4).

Theorem 3.1. With the above notation:

1. An optimal allocation may be chosen in 𝔸↑(𝑋).
2. There exists an allocation (𝑋0, 𝑋1) attaining (𝑔0□𝑔1)(𝑋).
3. If (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋) attains (𝑔0□𝑔1)(𝑋), then there exists a finitely additive probability

measure 𝑚 simultaneously pricing 𝑋0, 𝑋1, and 𝑋:

𝑚(𝑋0) = 𝑔0(𝑋0), 𝑚(𝑋1) = 𝑔1(𝑋1), 𝑚(𝑋) = (𝑔0□𝑔1)(𝑋).
Equivalently,

𝑚 ∈ 𝜕𝑔0(𝑋0) ∩ 𝜕𝑔1(𝑋1) = 𝜕(𝑔0□𝑔1)(𝑋).

4. If (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋), then the following are equivalent:

• (𝑋0, 𝑋1) is Pareto optimal;
• for each 𝑖 = 0, 1, the quantile 𝑞𝑋𝑖

is flat on

{ 𝑔𝑖 > 𝑔1−𝑖 } ∩ { 𝑑𝑞𝑋 > 0 } .
Moreover, in that case both quantiles are flat on

{ 𝑔0 ≠ 𝑔1 } ∩ { 𝑑𝑞𝑋 = 0 } .

Plan of the Proof

We first reduce the infimum to increasing, hence comonotone, allocations. That step is the
Landsberger-Meilijson rearrangement argument plus preservation of second-order stochastic dom-
inance by law-invariant monetary risk measures. We then prove existence by compactness: a min-
imizing sequence in 𝔸↑(𝑋) is written as (𝑓𝑛(𝑋), 𝑋−𝑓𝑛(𝑋)), the family (𝑓𝑛) is uniformly bounded
and equicontinuous, and Arzela-Ascoli yields a uniformly convergent subsequence. Next we de-
scribe dual pricing measures directly in distortion language: a finitely additive probability 𝑚
determines a concave primitive 𝑔𝑚, the support set of a distortion risk measure is { 𝑚 ∶ 𝑔𝑚 ≤ 𝑔 },
and 𝑚 prices 𝑌 precisely when 𝑔𝑚 ≤ 𝑔 and 𝑞𝑌 is flat where the inequality is strict. The dual
of the inf-convolution then comes from intersecting support sets, which produces the distortion
𝑔0 ∧ 𝑔1. The last step proves the flatness criterion: a common pricing measure for an optimal
split must coincide with 𝑔0 ∧ 𝑔1 on the active part of 𝑑𝑞𝑋, and flatness follows; conversely, if the
flatness holds, the supporter associated with 𝑔0 ∧ 𝑔1 prices both pieces, so the split is optimal.

In summary:

1. we reduce the search to increasing allocations;
2. compactness gives an optimizer;
3. every increasing optimizer admits a common pricing measure;
4. the common pricing distortion is 𝑔0 ∧ 𝑔1 on the active part of 𝑞𝑋;
5. flatness of the allocated quantiles on the regions where one agent is more risk averse than

the other is equivalent to Pareto optimality.
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Preliminaries

An allocation (𝑌0, 𝑌1) is Pareto optimal when there is no other feasible split (𝑍0, 𝑍1) with

𝑔𝑖(𝑍𝑖) ≤ 𝑔𝑖(𝑌𝑖), 𝑖 = 0, 1,

and at least one strict inequality. Because the risk measures are cash invariant, Pareto optimality
is equivalent to minimizing the sum 𝑔0(𝑌0)+𝑔1(𝑌1) subject to 𝑌0 +𝑌1 = 𝑋, which follows directly
by contradiction.

For a finitely additive probability 𝑚 with decomposition

𝑚 = 𝑍 ⋅ 𝑃 + 𝑚𝑠,

𝑍 ∈ 𝐿1 and 𝑚𝑠 singular and purely finitely additive, define the associated primitive distortion
by

𝑔𝑚(0) ∶= 0, 𝑔𝑚(𝑡) ∶= ‖𝑚𝑠‖𝑏𝑎 + ∫
𝑡

0
𝑞𝑍(1 − 𝑢) 𝑑𝑢, 0 < 𝑡 ≤ 1.

Thus 𝑔𝑚 is increasing and concave, with a possible jump at 0. In the countably additive differ-
entiable case,

𝑔′
𝑚(𝑡) = 𝑞𝑍(1 − 𝑡).

Write
ℳ𝑔 ∶= { 𝑚 ∈ (𝐿∞)∗

+ ∶ 𝑚(Ω) = 1, 𝑔𝑚 ≤ 𝑔 } .
Then 𝑚 ∈ ℳ𝑔 means that 𝑚 is an admissible dual pricing measure for 𝑔. This follows from the
representation

𝑔(𝑋) = ∫
∞

0
𝑔(𝑆(𝑥)) 𝑑𝑥; 𝑆(𝑥) ∶= P(𝑋 > 𝑥)

for non-negative 𝑋 and from which it is easy to see

𝑔(𝑋) = sup
ℎ≤𝑔

ℎ(𝑋)

where the sup is over distortions pointwise dominated by 𝑔. Hence the support-set identity for
coherent distortions is

𝑔∗(𝑚) = 𝜒ℳ𝑔
(𝑚),

and therefore
𝑔(𝑌 ) = sup

𝑚∈ℳ𝑔

𝑚(𝑌 ).

It is a general fact from convex analysis that

(𝑓□𝑔)∗(𝑥∗) = sup
𝑥

(⟨𝑥∗, 𝑥⟩ − (𝑓□𝑔)(𝑥))

= sup
𝑥

(⟨𝑥∗, 𝑥⟩ − inf
𝑦

(𝑓(𝑦) + 𝑔(𝑥 − 𝑦)))

= sup
𝑥

sup
𝑦

(⟨𝑥∗, 𝑥⟩ − 𝑓(𝑦) − 𝑔(𝑥 − 𝑦))

= sup
𝑦,𝑧

(⟨𝑥∗, 𝑦 + 𝑧⟩ − 𝑓(𝑦) − 𝑔(𝑧))

= sup
𝑦,𝑧

(⟨𝑥∗, 𝑦⟩ − 𝑓(𝑦) + ⟨𝑥∗, 𝑧⟩ − 𝑔(𝑧))

= sup
𝑦

(⟨𝑥∗, 𝑦⟩ − 𝑓(𝑦)) + sup
𝑧

(⟨𝑥∗, 𝑧⟩ − 𝑔(𝑧))

= 𝑓∗(𝑥∗) + 𝑔∗(𝑥∗).
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where we change variables 𝑧 ∶= 𝑥−𝑦, 𝑥 = 𝑦+𝑧 midway through. In the case of spectral measures,
the simple form of the conjugate shows

(𝑔0□𝑔1)∗ = 𝑔∗
0 + 𝑔∗

1
= 𝜒ℳ𝑔0

+ 𝜒ℳ𝑔1

= 𝜒ℳ𝑔0 ∩ℳ𝑔1

= 𝜒ℳ𝑔0∧𝑔1

Thus 𝑔0□𝑔1 is again a distortion risk measure, with distortion 𝑔0∧𝑔1. It is obviously law invariant
and hence also Fatou, an important fact that is not true in general.

Finally, the subgradient criterion is:

𝑚 ∈ 𝜕𝑔(𝑌 ) ⟺ 𝑔𝑚 ≤ 𝑔 and 𝑞𝑌 is flat on { 𝑔𝑚 < 𝑔 } .

The proof is the usual integration-by-parts argument: if 𝑚 prices 𝑌 , then

𝑔(𝑌 ) − 𝑚(𝑌 ) = 0,

and after rewriting both terms through the same quantile pairing one obtains

∫
1

0
(𝑔 − 𝑔𝑚)(𝑡) 𝑑𝑞𝑌 (𝑡) + (𝑞𝑌 (0+) − 𝑞𝑌 (0))(𝑔(0+) − 𝑔𝑚(0+)) = 0.

Since 𝑔 − 𝑔𝑚 ≥ 0, equality forces 𝑞𝑌 to be flat wherever 𝑔𝑚 < 𝑔.

Proof of (1): Reduction to Increasing Allocations

Take any feasible allocation (𝑌0, 𝑌1) with 𝑌0 + 𝑌1 = 𝑋. By the Landsberger-Meilijson rear-
rangement theorem (Landsberger and Meilijson (1994) Dana and Meilijson (2003)), there ex-
ists a comonotone feasible allocation ( ̂𝑌0, ̂𝑌1) such that each ̂𝑌𝑖 dominates 𝑌𝑖 in the sense of
second-order stochastic dominance. Law-invariant monetary risk measures preserve that order
(Svindland (2014)), so

𝑔𝑖( ̂𝑌𝑖) ≤ 𝑔𝑖(𝑌𝑖), 𝑖 = 0, 1.
Hence every feasible allocation is weakly improved by a comonotone one. By Denneberg’s lemma
(Denneberg (1994)), the comonotone feasible allocations are exactly the allocations increasing
with 𝑋, so

(𝑔0□𝑔1)(𝑋) = inf
(𝑌0,𝑌1)∈𝔸↑(𝑋)

(𝑔0(𝑌0) + 𝑔1(𝑌1)).

Proof of (2): Existence

Choose a minimizing sequence (𝑋𝑛
0 , 𝑋𝑛

1 ) in 𝔸↑(𝑋). Write

𝑋𝑛
0 = 𝑓𝑛(𝑋), 𝑋𝑛

1 = 𝑋 − 𝑓𝑛(𝑋),

where each 𝑓𝑛 is nondecreasing on the range

[𝑎, 𝑏] ∶= [ess inf 𝑋, ess sup 𝑋].

By shifting a constant from one coordinate to the other, we may assume

ess inf 𝑋𝑛
0 = 0.
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Then
0 ≤ 𝑓𝑛 ≤ 𝑏 − 𝑎,

and since both 𝑓𝑛 and Id −𝑓𝑛 are nondecreasing, every 𝑓𝑛 is 1-Lipschitz. Hence

𝐵 ∶= { 𝑓 ∶ [𝑎, 𝑏] → ℝ ∶ |𝑓| ≤ 𝑏 − 𝑎, 𝑓 and Id −𝑓 are nondecreasing }

is bounded and equicontinuous. The Arzela-Ascoli theorem (Royden and Fitzpatrick (2010))
yields a subsequence, still denoted 𝑓𝑛, and a limit 𝑓 ∈ 𝐵 such that

𝑓𝑛 → 𝑓 uniformly on [𝑎, 𝑏].

Set
𝑋0 ∶= 𝑓(𝑋), 𝑋1 ∶= 𝑋 − 𝑓(𝑋).

Then (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋) and

𝑋𝑛
0 → 𝑋0, 𝑋𝑛

1 → 𝑋1 in 𝐿∞.

Each 𝑔𝑖 is 𝐿∞-continuous, so

𝑔0(𝑋0) + 𝑔1(𝑋1) = lim
𝑛→∞

(𝑔0(𝑋𝑛
0 ) + 𝑔1(𝑋𝑛

1 )) = (𝑔0□𝑔1)(𝑋).

Thus an optimizer exists.

Proof of (3): Common Pricing Measure for an Increasing Optimizer

Let (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋) attain (𝑔0□𝑔1)(𝑋). By duality for the convolution problem, attainment
is equivalent to the existence of a common dual supporter. In risk notation that means there
exists a finitely additive probability 𝑚 such that

𝑚 ∈ 𝜕𝑔0(𝑋0) ∩ 𝜕𝑔1(𝑋1).

Then
𝑚(𝑋0) = 𝑔0(𝑋0), 𝑚(𝑋1) = 𝑔1(𝑋1).

Adding the two identities and using 𝑋 = 𝑋0 + 𝑋1 gives

𝑚(𝑋) = 𝑔0(𝑋0) + 𝑔1(𝑋1) = (𝑔0□𝑔1)(𝑋),

so the same 𝑚 prices both pieces and the aggregate problem.

Because 𝑚 prices 𝑋 for the inf-convolution and because (𝑔0□𝑔1)∗ = 𝜒ℳ𝑔0∧𝑔1
, we also have

𝑔𝑚 ≤ 𝑔0 ∧ 𝑔1.

A useful refinement comes from conditioning on 𝜎(𝑋). If 𝑚 prices a law-invariant risk measure
at 𝑌 , then P(𝑚 ∣ 𝑌 ) prices it as well, the regular part of the conditioned measure increases with
𝑌 , and the singular part concentrates on the worst-loss set { 𝑌 = ess sup 𝑌 }. The little trick in
that proof is the measure-preserving swap: if singular mass sits away from the worst states, we
move that mass to a better set of the same probability, lower the pairing with 𝑌 , and contradict
optimality. Applying that lemma with 𝑌 = 𝑋, we may and do assume that the pricing measure
in part (3) increases with 𝑋.
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Proof of (4): Optimality Implies Flatness

Assume (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋) is Pareto optimal. By the equivalence between Pareto optimality
and attainment of the inf-convolution, the pair attains (𝑔0□𝑔1)(𝑋), so part (3) gives a common
pricing measure 𝑚. Since 𝑚 prices each 𝑋𝑖, the subgradient criterion gives

𝑞𝑋𝑖
is flat on { 𝑔𝑚 < 𝑔𝑖 } , 𝑖 = 0, 1.

We now identify 𝑔𝑚 on the active part of the aggregate quantile. Because (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋), the
pair is comonotone, so

𝑞𝑋 = 𝑞𝑋0
+ 𝑞𝑋1

.
Also,

(𝑔0□𝑔1)(𝑋) = ∫
1

0
𝑞𝑋(𝑠) 𝑑(𝑔0 ∧ 𝑔1)(1 − 𝑠),

while
𝑚(𝑋) = ∫

1

0
𝑞𝑋(𝑠) 𝑑𝑔𝑚(1 − 𝑠).

Since these two quantities are equal and 𝑔𝑚 ≤ 𝑔0 ∧ 𝑔1, the same integration-by-parts argument
as above yields

𝑔𝑚 = 𝑔0 ∧ 𝑔1 on { 𝑑𝑞𝑋 > 0 } .
Therefore, on { 𝑑𝑞𝑋 > 0 },

{ 𝑔𝑚 < 𝑔𝑖 } = { 𝑔1−𝑖 < 𝑔𝑖 } .
Hence for each 𝑖 = 0, 1,

𝑞𝑋𝑖
is flat on { 𝑔𝑖 > 𝑔1−𝑖 } ∩ { 𝑑𝑞𝑋 > 0 } .

That proves the second claim.

For the additional statement on { 𝑑𝑞𝑋 = 0 }, suppose at some point 𝑡 we have 𝑔0(𝑡) ≠ 𝑔1(𝑡); say
𝑔0(𝑡) > 𝑔1(𝑡). Then

𝑔𝑚(𝑡) ≤ 𝑔1(𝑡) < 𝑔0(𝑡),
so 𝑞𝑋0

is flat there by the subgradient criterion. Since

𝑞𝑋 = 𝑞𝑋0
+ 𝑞𝑋1

and 𝑑𝑞𝑋 = 0 there, 𝑞𝑋1
must be flat there as well. Interchanging the indices gives flatness of

both quantiles on
{ 𝑔0 ≠ 𝑔1 } ∩ { 𝑑𝑞𝑋 = 0 } .

Proof of (4): Flatness Implies Optimality

Now assume (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋) and that

𝑞𝑋𝑖
is flat on { 𝑔𝑖 > 𝑔1−𝑖 } ∩ { 𝑑𝑞𝑋 > 0 } , 𝑖 = 0, 1.

Set
𝑔∗ ∶= 𝑔0 ∧ 𝑔1.

Choose a uniform random variable 𝑈 with

𝑋 = 𝑞𝑋(𝑈).

Let 𝑚∗ be the pricing measure associated with the distortion 𝑔∗, with any jump at 0 assigned
as singular mass on the worst-loss set { 𝑋 = ess sup 𝑋 }. Then 𝑚∗ increases with 𝑋, hence with
each 𝑋𝑖 because (𝑋0, 𝑋1) ∈ 𝔸↑(𝑋).
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By construction,
𝑔𝑚∗

= 𝑔∗ ≤ 𝑔𝑖.
On { 𝑑𝑞𝑋 > 0 } the assumed flatness gives

𝑞𝑋𝑖
flat on { 𝑔∗ < 𝑔𝑖 } = { 𝑔1−𝑖 < 𝑔𝑖 } .

On { 𝑑𝑞𝑋 = 0 } both quantiles are flat automatically wherever 𝑔0 ≠ 𝑔1, because 𝑞𝑋 = 𝑞𝑋0
+ 𝑞𝑋1

and both 𝑋𝑖 increase with 𝑋. Therefore

𝑞𝑋𝑖
is flat on { 𝑔∗ < 𝑔𝑖 }

for each 𝑖 = 0, 1. The subgradient criterion yields

𝑚∗ ∈ 𝜕𝑔0(𝑋0) ∩ 𝜕𝑔1(𝑋1).

Thus 𝑚∗ prices both coordinates, so

𝑔0(𝑋0) + 𝑔1(𝑋1) = 𝑚∗(𝑋) = (𝑔0□𝑔1)(𝑋).

Hence (𝑋0, 𝑋1) attains the inf-convolution and is therefore Pareto optimal.

Extensions

Theorem 3.2. An allocation (𝑋1, 𝑋2) is Pareto optimal if and only if 𝑔1(𝑋1) + 𝑔2(𝑋2) =
(𝑔1□𝑔2)(𝑋).

Proof. By definition, (𝑋1, 𝑋2) is Pareto optimal if there is no feasible allocation (𝑌1, 𝑌2) such
that 𝑔1(𝑌1) ≤ 𝑔1(𝑋1) and 𝑔2(𝑌2) ≤ 𝑔2(𝑋2) with at least one strict inequality.

Assume (𝑋1, 𝑋2) is Pareto optimal. Define two sets in ℝ2:

𝐵 = { (𝑔1(𝑌1), 𝑔2(𝑌2)) ∶ 𝑌1 + 𝑌2 = 𝑋 } + ℝ2
+

𝐶 = { (𝑔1(𝑋1), 𝑔2(𝑋2)) } − (ℝ2
+ � { 0 })

Both 𝐵 and 𝐶 are convex. Pareto optimality implies 𝐵∩𝐶 = ∅. By the Hahn-Banach Separation
Theorem (Royden and Fitzpatrick (2010)), there exists a non-zero vector 𝜆 = (𝜆1, 𝜆2) separating
𝐵 and 𝐶:

𝜆 ⋅ 𝑏 ≥ 𝜆 ⋅ 𝑐 ∀𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶
Since 𝐵 extends infinitely in the positive directions, we must have 𝜆1, 𝜆2 ≥ 0. Now, use the
translation invariance of the risk measures: 𝑔𝑖(𝑌𝑖 + 𝑘) = 𝑔𝑖(𝑌𝑖) + 𝑘. By shifting any allocation
𝑌1 → 𝑌1 + 𝑘 and 𝑌2 → 𝑌2 − 𝑘 (which preserves 𝑌1 + 𝑌2 = 𝑋), the value in 𝐵 shifts by 𝜆1𝑘 − 𝜆2𝑘.
For the lower bound to hold for all 𝑘 ∈ ℝ, we must have 𝜆1 = 𝜆2. Dividing by 𝜆1, we see that
(𝑋1, 𝑋2) minimizes the sum 𝑔1(𝑌1) + 𝑔2(𝑌2) over all valid allocations.

A bounded finitely additive measure 𝜇 ∈ (𝕃∞)∗ decomposes uniquely into a regular (countably
additive) part 𝑍𝑑ℙ and a purely singular part 𝜇𝑠.

Lemma 3.1. If 𝜇 ∈ 𝜕𝑔(𝑌 ) for a law-invariant risk measure 𝑔, then −𝜇 is comonotone with 𝑌 ,
and its singular part 𝜇𝑠 is strictly concentrated on { 𝑌 = ess sup 𝑌 }.
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Proof. Suppose 𝜇𝑠 is not concentrated on the essential supremum. There exists an 𝜖 > 0 such
that the set Ω � { 𝑌 ≥ ess sup 𝑌 − 2𝜖 } has 𝜇𝑠-measure 𝛼 > 0.

Choose two sequences of sets: 𝐵𝑛 in the low-value region (where 𝑌 < ess sup 𝑌 − 2𝜖) such that
𝜇𝑠(𝐵𝑛) = 𝛼 and 𝐶𝑛 in the high-value region (where 𝑌 ≥ ess sup 𝑌 − 𝜖) such that 𝜇𝑠(𝐶𝑛) = 0.

Ensure ℙ(𝐵𝑛) = ℙ(𝐶𝑛) ≤ 1/𝑛. Construct a measure-preserving bijection 𝜏𝑛 that simply swaps
𝐵𝑛 and 𝐶𝑛, leaving the rest of Ω unchanged. Define a new measure 𝜈𝑛 = 𝜇 ∘ 𝜏−1

𝑛 .

Because 𝑌 is strictly higher on 𝐶𝑛 than 𝐵𝑛, swapping the evaluation of the singular mass 𝛼
from the lower values to the higher values strictly decreases the inner product:

⟨𝜈𝑛, 𝑌 ⟩ ≤ ⟨𝜇, 𝑌 ⟩ − 𝛼𝜖

Thus, ⟨𝜈𝑛, 𝑌 ⟩ < ⟨𝜇, 𝑌 ⟩. However, because 𝑔 is law-invariant, 𝑔(𝑌 ) ≥ ⟨𝜈𝑛, 𝑌 ⟩. This means
𝑔(𝑌 ) > ⟨𝜇, 𝑌 ⟩, which contradicts 𝜇 ∈ 𝜕𝑔(𝑌 ). Therefore, 𝜇𝑠 must be zero everywhere except the
essential supremum.

Ingredients

The conceptual proof uses a smörgåsbord of ingredients.

1. Convex duality and Fenchel contact: conjugates, biconjugates, Fenchel inequality, and
subgradients as contact functionals.

2. The inf-convolution dualizes to sum:

(𝑔0□𝑔1)∗ = 𝑔∗
0 + 𝑔∗

1.

This is the algebraic backbone of the Pareto problem. On the utility side this is Lemma
2.1.

3. Pareto optimality equals common supporting subgradient: efficient allocation ⟺ one
common dual object supports both agents. This is Theorem 3.1.

4. Hahn–Banach separation, plus cash-invariance: the separation argument gives Pareto ⇒
weighted optimum; cash-invariance collapses the two multipliers to one. This is an impor-
tant hidden simplification.

5. The dual penalty of a coherent risk measure is an indicator:

𝑔∗ = 𝐼𝒬,

so the dual problem becomes set intersection rather than a penalized optimization.

6. Kusuoka’s quantile representation for law-invariant criteria: general law-invariant costs
have a variational quantile representation, and comonotone ones collapse to a single dis-
tortion profile. This is Theorems 2.2 and 2.3.

7. The lower-envelope rule: in the comonotonic additive case the aggregate criterion is gener-
ated by the lower envelope

𝑔 = 𝑔0 ∧ 𝑔1.
On the utility side this is Lemma 2.2.

8. The conditional-expectation reduction onto 𝜎(𝑋): any Pareto allocation can be replaced
by

(P[𝑋0 ∣ 𝑋], P[𝑋1 ∣ 𝑋])
without loss. This is one of the big structural moves in Theorem 3.1(vi).
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9. Landsberger’s monotone-improvement idea: once only the law matters, unordered sharing
can be rearranged into monotone sharing. This is not stated as a formal theorem in this
paper, but it is part of the background logic behind the passage to increasing allocations.

10. Denneberg’s lemma: increasing in 𝑋 is the same as comonotone with 𝑋, hence with each
other. This is what turns the allocation problem into a quantile problem.

11. Quantile additivity under comonotonicity: for comonotone allocations,

𝑞𝑋 = 𝑞𝑋0
+ 𝑞𝑋1

.

This is what makes the layer-by-layer assignment possible. This sits behind Theorem 3.2
and Proposition 3.1.

12. Singular-vs-regular dual decomposition: the dual lives in (𝐿∞)∗, not just 𝐿1, because
a jump of the distortion at 0 creates an ess sup 𝑋 term in your loss convention. The
regular/singular split is therefore not bookkeeping; it is essential.

13. The rearrangement-comonotone-coupling trick for the dual variable: Lemma 4.1 lets one
replace a supporting dual object by one aligned with the loss, and also push it down by
conditional expectation to 𝜎(𝑋). This is one of the real magic tricks in the proof.

14. The explicit description of the subgradient in distortion language: Lemma 4.2 says, in
effect,

𝜇 ∈ 𝜕𝑔(𝑋)
iff the dual profile lies below the distortion profile and the quantile is flat where the in-
equality is strict. This is the bridge from abstract duality to the concrete contract shape.

15. A flatness criterion: in the optimal allocation, agent 𝑖’s quantile is flat where 𝑔𝑖 > 𝑔1−𝑖 on
the moving part of 𝑞𝑋. This is Proposition 3.1 itself.

16. The stop-loss synthesis: when the profiles cross in finitely many places, the flatness rule
integrates to a finite sum of layers, hence a sum of stop-loss contracts or options. That is
Example 3.1.

17. In general, and surprisingly, law invariance of 𝑔𝑖 does not imply that of 𝑔0□𝑔1, see Liu et
al. (2020). This is important because it means freebie Fatou can fail. Jouini et al. (2008)
state that, in their monetary, convex context, “clearly” 𝑈0□𝑈1 is law-invariant. Mone-
tary utilities enjoy strong continuity properties and in that framework the inf-convolution
does remain law-invariant. Liu et al. (2020) show that if we strip away that extra struc-
ture and keep only bare law invariance, the conclusion can fail: the obstruction is that
inf-convolution depends not only on the marginal laws of the summands, but on which
decompositions of a total risk are feasible on the underlying probability space, and that
feasibility need not itself be law-invariant.
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